In this paper we introduce the concept P-dou module as a generalization of dou modules, where an R module M is called a P-duo module if every pure submodule of M is a fully invariant. Many results about this concept are given. Also some relationships between a P-dou module and other modules related with it are presented.
Introduction
Throughout this paper all rings are commutative rings have an identity and all modules are untital. R is a ring and M a left R-module. A submodule N of M is called fully invariant if f(N)  N for every R-endomorphism f of M. Clearly 0 and M are fully invariant submodules of M. The R-module M is called a duo module if every submodule of M is a fully invariant. The ring R is a duo ring if it is duo as R-module. It is clearly that every ring is a duo ring. Harmanci and Smith in [1] introduced and studied weak duo modules, where an R-module M is called a weak duo module provided every direct summand submodule of M is fully invariant. In this paper we introduce purely duo module (briefly P-duo module) where an Rmodule M is called a P-duo if every pure submodule of M is fully invariant where a submodule N of M is called pure if IM  N = IN for each ideal I of R, [2] . Equivalently, N is a pure submodule if IM  N = IN for each finitely generated ideal I of R. It is well-known that every direct summand of a module M is pure. Hence every P-duo module is weak duo. In this paper we study P-duo module, and we give some conditions under which P-duo and weak duo are equivalent. Also we give some relationships between P-duo module and other related modules.
Definition (1):
An R-module M is a P-duo module if every pure submodule of M is a fully invariant.
Remarks and Examples (2):
(1) It is clear that every duo module is P-duo and every P-duo is weakly duo, but the converse are not true in generals, for example: The Z-module Q is not duo, for the submodule Z of Q is not fully invariant,
On the other hand, if M is a divisible module over a P.I.D R , then by [3,Cor.2.9, p.62] every pure submodule of M is a direct summand. But Q has only two direct summands namely (0) and Q. Hence Q is a P-duo and a weakduo Z-module. Note that we claim that a weak-duo module need not be a P-duo module, but we have no example. (2) The Z-module Z 2 Z 2 is not weak-duo, since there exists f:
is not a P-duo module and not a duo module. (3) The direct sum of P-duo modules may not be P-duo (see example two). (4) Every multiplication module is a duo module, hence a P-duo module and a weakly duo module. (5) Every pure simple module M (module with only two pure submodules (0) and M is a P-duo module, hence a weak-duo module. (6) A submodule of a P-duo module may not be a P-duo module as the following example shows: Consider the vector space R 2 over R and let R=R R 2 . Define  on R by:
(a,u)(b,v) = (ab,av + bu) for each a, b  R and for each u, v  R 2 . Then R is a commutative and so it is a duo R-module and so it is a P-duo module. However the submodule L=(0) R 2 which is isomorphic to R 2 is not a P-duo module, since the submodule N= {(0,x):xR} is a pure submodule but it is not a fully invariant submodule.
Proposition (3):
A direct summand of P-duo module is a P-duo module.
Proof:
Let N be a direct summand of a P-duo R-module M. Then M = N  W for some W  M. Let K be a pure submodule of N and let f:N  N be an Rhomomorphism module. Since N is a direct summand, then N is a pure submodule in M, hence K is a pure submodule in M.
that is K is a fully invariant submodule of N. Thus N is a P-duo module.
Recall that an R-module M is called purely quasi-injective if for each pure submodule N of M and for each f:N  M, there exists an R-homomorphism g:
M  M such that g∘i = f where i is the inclusion mapping [4] . 
Proposition (4):
Let M be a P-duo R-module. Then (1) If M is a purely quasi-injective, then every pure submodule of M is a P-duo module. 
Proposition (5):
Let M be an R-module such that every cyclic submodule is pure. Then M is a P-duo module if and only if for each f  End(M) and for each m  M, there exists r  R such that f(m) = rm. Proof: ) Let f  End(M), m  M. Since <m> is pure, then f(<m>)  <m>. Hence the result is obtained. ) The stated condition implies f(N)  N for every f  End(M). It follows that M is a duo module. Hence it is a P-duo module.
Proposition (6):
Let a module M = M 1  M 2 be a direct sum of submodules M 1 , M 2 such that M is a P-duo module. Then Hom(M 1 ,M 2 ) = 0.
Proof:
Since M 1 is a direct sum of M, M 1 is a pure submodule in M. But M is a Pduo module, so M 1 is a fully invariant submodule in M. Hence Hom(M 1 ,M 2 ) = 0 [1,lemma 1.9].
Theorem (7):
Let an R-module M = M 1  M 2 be a direct sum of submodules M 1 , M 2 such that annM 1 + annM 2 = R. Then M is a P-duo module if and only if M 1 and M 2 are P-duo modules and Hom(M i ,M j ) = 0 for i  j, i, j  {1,2}.
Proof:
) It follows by proposition 3 and proposition 6. The following is a well-known lemma.
Lemma (8):
Let M be an R-module such that 
Thus M is a P-duo module.
Recall that an R-module M has the pure intersection property (briefly PIP) if the intersection of any two pure submodules is again pure, [3, definition 2.1,p.33].
Corollary (10):
Let
with M i  M for each i  I. Then M is a P-duo module if the following conditions hold:
is P-duo for every finite subset I of I. and hence M is a P-duo module, by theorem 9.
In [1] , weak duo module satisfies summand sum property and summand intersection property, where A module M is said to satisfy summand sum property if K + L is a direct summand of M whenever K and L are direct summands of M. Also, M satisfies the summand intersection property if K  L is a direct summand of M whenever K and L are direct summands of M.
We prove the following:
Proposition (11):
Let M be a P-duo module. If K is a direct summand of M and L is a pure submodule of M, then K  L is a pure submodule of M.
Proof:
Since K is a direct summand of M, M = K  H for some H  M. Since M is a P-duo module and L is a pure submodule, then L is a fully invariant.
But L is a pure submodule in M, hence L  K is a pure submodule in M.
Proposition (12):
Let M be an R-module. Then M satisfies (*), if and only if M is a P-duo module, where M satisfies (*) if for each pure submodules with zero intersection, then their sum is a fully invariant submodule in M. is a P-duo module for every finite subset I of I.
(2) M satisfies PIP.
Proof:
It follows directly by corollary (10) and lemma (11) .
The following remark is clear.
